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$” E”(K)= \int\int_{K\mathrm{x}K}\frac{dxdy}{|x-y|}=\infty$ $(\forall K)$
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$V_{\epsilon}^{\langle 2\}}(K;x)= \int_{d_{\mathrm{K}}(x,y)\geq\epsilon}\frac{dy}{|x-y|^{2}}$ .
$V_{\epsilon}^{(2)}(K;x)$ $\epsilonarrow+0$ $K$







$E_{\mathrm{o}}^{(2)}$ 2: K $E_{\mathrm{o}}^{(2)}(K_{\mathrm{o}})=0$





2.2([01]) $K$ $r^{-2}$ - $E_{\mathrm{o}}^{(2\}}(K)$











2 $E_{\text{ }^{}(2)}$ O’Hara $\mathrm{O}$ 0
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2.3 (Reedman-He-Wang [FHW]294) $E_{\text{ }^{}(2\rangle}$
$T$













Fatou $E_{\mathrm{o}}^{(\mathit{2})}(K_{\infty})\leq E_{\text{ }^{}(2)}([K])$




( ) $E_{\text{ }^{}(2)}$ -
$E_{\text{ }^{}\{2\rangle}$
- Kusner Sullivan









2.4 Kusner Sullivan E$\circ$(2)K
[Kus]
3 Willmore (Langevin )
$\iota$ : $T^{2}arrow \mathbb{R}^{3}$ : a smooth embedding. $\kappa_{1},$ $\kappa_{2}$ $\iota(T^{\mathit{2}})$ .
Willmore
$W( \iota)=\int_{T^{2}}(\frac{\kappa_{1}+\kappa_{\mathit{2}}}{2})^{\mathit{2}}$ dvol $(T^{2})= \int_{T^{2}}(\frac{\kappa_{1}-\kappa_{2}}{2})^{\mathit{2}}d\mathrm{v}\mathrm{o}\mathrm{l}(T^{\mathit{2}})$
$W$ M\"obius
3.1 $W(\iota)\geq 2\pi_{\text{ }^{}\underline{?}}"="\Leftrightarrow\iota(T^{\mathit{2}})$ ( $(\sqrt{2},0)$ 1
) $T\sqrt{2},1$
$\mathrm{S}\langle 3,2$) $S^{3}$ 2
4,1 de Sitter $\mathrm{S}(3,2)$
$S^{3}\supset T^{2}$ $T^{\mathit{2}}$
2 “ ” :




4.1 (Doyle-Schramm $\langle[\mathrm{K}\mathrm{S}]$ ) $)x,$ $y$ $K$ 2 $C(x, x, y)$
$x$ $K$ $y$ $C(y,$ $y,$ $x$ } $y$ $K$
$x$ $C(x,x, y)$ $C(y, y, x)$ $x$ $y$
$\mathrm{t}44$
2: Kusner Sullivan Eo(2)4
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$\theta=\theta_{K}(x, y)$ $(0\leq\theta\leq\pi)_{\text{ }}$ $x$ $y$
3:
$C(x, x, y)$ $x$ $K$ $(\theta_{K}(x, y)$ $x,$ $y$
$C^{1}$ )
$K\mathrm{x}K\backslash \triangle$ 2 $\Omega CR=\Omega CR(x, y)$
4.1
$\Sigma(x,x+dx, y, y+dy)$ $K$ ( ) 4 $x,$ $x+$
$dx,$ $y,$ $y+dy$ 2 4 $x,$ $x+dx,$ $y,$ $y+dy$
$\Sigma(x, x+dx, y, y+dy)$ $dx,$ $dyarrow \mathrm{O}$
2 $x,$ $y$ $\Sigma=E_{K}(x, x, y, y)$
$C_{K}(x, x, y)$ $C_{K}(y, y, x)$
$\Sigma$ $\mathbb{C}$ 4 $x,$ $x+dx,$ $y,$ $y+dy$
4 $\tilde{x}$ , $\tilde{x}+\overline{dx},\overline{y},\tilde{y}+\overline{dy}$ ( 4
)
$( \tilde{x}+\overline{dx},\tilde{y}\mathrm{i}^{\tilde{X}},\tilde{y}+\overline{dy})=\frac{(\tilde{x}+\overline{dx})-\tilde{x}}{(\tilde{x}+\overline{dx})-(\tilde{y}+\overline{dy})}$ . $\frac{\tilde{y}-\tilde{x}}{\tilde{y}-(\tilde{y}+\overline{dy})}\sim\frac{\overline{dx}\overline{dy}}{(\tilde{x}-\tilde{y})^{2}}$.








$\mathrm{C}c\langle S^{3}$ ) $\subset(S^{3})^{4}\backslash \triangle$ 4 $\mathrm{C}c(S^{3})$ $(S^{3})^{4}\backslash \triangle$
2 $((S^{3})^{4}\backslash \triangle)\backslash \mathrm{C}c(S^{3})$ ( )
4 2
([02]) $((S^{3})^{4}\backslash \triangle)\backslash \mathrm{C}c(S^{3})$ $S^{3}$
2 $\mathrm{S}(3,2)$ (
(6) ) 4 $x_{1},$ $x_{2},$ $x_{3},$ $x_{4}$
2 $\Sigma(x_{1}, x_{2}, x_{3}, x_{4}))$
4 $x_{1},$ $x_{2},$ $x_{3},$ $x_{4}$ (4





(i) 4 $x,$ $x+dx,$ $y,$ $y+dy$ $v_{y},\tilde{v}_{x}(y)$ $y$ }
$T_{y}C(y, y, x),$ $T_{y}C(x, x, y)$
$\{\tilde{v}_{x}(y), v_{y}\}$ 7 \Sigma $\Sigma$
( 4)
$\text{ }$
4: $\Sigma(x, x+\Delta x, y,y+\Delta y)$ .
(ii) 4 $x,$ $x+dx,$ $y,$ $y+dy$ $\Sigma$ $C(x, x, y)=$
$C(y, y, x)$ ( )
$\Omega cR(x, y)$
4.2 2





( ) $\Omega cR(x, y)$
$\theta_{K}$ 2 $\frac{dxdy}{|x-y|^{\mathit{2}}}$
5 $E_{\mathrm{o}}^{(2)},$ $E_{\sin\theta}$
S.lDoyle Schramm $E_{\mathrm{O}}^{(2\rangle}(K)$ ([KS] $\}$
$E_{\mathrm{o}}^{\{2)}(K)= \int\int_{K\mathrm{x}K}\frac{1-\cos\theta_{K}(x,y)}{|x-y|^{2}}$ dxdy
( Reedman-He-Wang $E_{\mathrm{o}}^{\{2)}$ ( 2.3)
)
$E_{0}^{(\mathit{2})}(K)= \int\int_{K\mathrm{x}K\backslash \Delta}(|\Omega_{CR}|-\Re\epsilon\Omega_{CR})$ (3)
5.2
$E_{\sin\theta}(K)= \int\int_{K\mathrm{x}K\backslash \triangle}\triangleright\triangleleft \mathrm{m}\Omega_{CR}=\int\int_{K\mathrm{x}K}\frac{\sin\theta_{K}(x,y)dxdy}{|x-y|^{2}}$ (4)
Kusner Sullivan ([KS])
5.1
$(q_{1}, \cdots, q_{m})$ $M$ $(p_{1}, \cdots,p_{m})$ $T^{*}M$
{ 1, $\cdot$ . . , $dq_{m}$ } $T^{*}M$
$(q_{1}, \cdots, q_{m\gamma}p_{1}, \cdots,p_{n\mathrm{t}})$ $T^{*}M$
symplectic form $\omega_{M}$ $\omega_{M}=\sum dq_{i}\Lambda dp_{i}$ $M$
tautological1-form $\theta=\sum p_{i}dq_{i}$
$\omega_{M}=-d\theta$ $T^{*}M$ symplectic form
$S^{n}\subset 1\mathrm{R}^{n+1}$ $S^{n}\ni x$ $II_{\Phi}$ $O$
$\overline{Ox}$ $\mathbb{R}^{n+1}$ nl $poe$ : $S^{n}\backslash \{x\}arrow\Pi_{\mathrm{r}}$
$\Pi_{\mathfrak{B}}$ $ToeS^{n}$ – $S^{n}\backslash \{x\}$
$S^{n}\backslash \{x\}\ni y\succ*(ToeS^{n}\ni v\}arrow(v,p_{x}(y))\in \mathbb{R})\in T_{\mathrm{g}}^{*}S^{n}$
$T_{\mathrm{g}}^{*}S^{n}$
$S^{n}\mathrm{x}S^{n}\backslash \triangle$ $T^{*}S^{n}$
$S^{n}\mathrm{x}S^{n}\backslash \triangle=\cup\{x\}\mathrm{x}(S^{n}\backslash \{x\})\cong\cup T_{\mathfrak{B}}^{*}S^{n}=T^{*}S^{n}oe\in S^{n}x\in S^{n}$
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$T^{*}S^{n}$ $\omega S^{n}$ $S^{n}\mathrm{x}$
$S^{n}\backslash \triangle$
$\omega_{S^{n}}=d(-\frac{\sum_{i=1}^{n+1}y_{i}dx_{i}}{1-(x,y)})=\frac{\sum_{i=1}^{n+1}dx_{i}\mathrm{A}dy_{i}}{1-\{x,y)}+\frac{(\sum_{i=1}^{n+1}y_{i}dx_{i})\mathrm{A}(\sum_{i-1}^{n+1}-x_{i}dy_{i})}{(1-(x,y))^{2}}$
5.3 (1) $\omega_{S^{n}}$ M\"obius $S^{n}\mathrm{x}S^{n}$ diagonal action
(2) (folklore) $n=2$ $S^{\mathit{2}}\cong \mathbb{C}\cup\{\infty\dagger$
$(w, z)$ $\mathbb{C}\mathrm{x}\mathbb{C}$ $\mathrm{f}_{-\llcorner}^{\Gamma\wedge}\mathrm{P}7Y\text{ }$ $w,$ $w+dw,$ $z,$ $z+dz$ $\frac{dw\mathrm{A}dz}{(w-z)^{\underline{\mathrm{o}}}}$
$- \frac{1}{2}\omega_{S^{2}}$
(3) 1 $K\mathrm{x}K\backslash \triangle\hookrightarrow$ $S^{3}\mathrm{x}S^{3}\backslash \triangle$
$\Re e\Omega_{CR}(x, y)=-\frac{1}{2}\iota^{*}\omega_{S\}$ (5)
$\Re\epsilon\Omega_{CR}$
5.4 $\sigma s\mathrm{m}\Omega_{CR}$ 2-form pull-back
$K\mathrm{x}K$ \S $\frac{\epsilon}{\sqrt{2}}$ - $\Re e\Omega_{CR}$
5.3 $- \frac{2}{\epsilon}+O(\epsilon)$
(3) [O1] $E_{\mathrm{O}}^{\{2\rangle}(K)$ (1)
$\Re\epsilon\Omega cR$
6
$\mathbb{R}^{n+\mathit{2}}$ { $\langle x, y\rangle=x_{1}y_{1}+\cdots x_{n+1}y_{n+1}-x_{n+2}y_{n+2}$
$\mathbb{R}^{n+1,1}$ 0 $v$ $\langle v, v\rangle>0$
$\mathrm{s}\mathrm{p}\mathrm{a}\mathrm{c}\mathrm{e}-1\mathrm{i}\mathrm{k}\mathrm{e}_{\text{ }}\langle v,v\rangle=0$ $1\mathrm{i}\mathrm{g}\mathrm{h}\mathrm{t}- 1\mathrm{i}\mathrm{k}\mathrm{e}_{\text{ }}\langle v,v\rangle<0$ time-like
$\mathit{1}\mathrm{R}^{n+1,1}$ vector subspace $W$ $W$ non-zero vector
space-like $\mathrm{s}\mathrm{p}\mathrm{a}\mathrm{c}\triangleright 1\mathrm{i}\mathrm{k}\mathrm{e}_{\text{ }}$ space-like vector time-like vector
of mixed type $\{x\in \mathbb{R}^{n+1,1}|\langle x, x\rangle=0\}$ –
$=\{x\in \mathit{1}\mathrm{R}^{n+1,1}|\langle x, x\}=1\}$ de Sitter $($ $5)_{\text{ }}$
$\langle$ , $\rangle$ $O(n+1,1)$
$W$ { $v\in$ $n+1,1|\langle v$ , $w\rangle=0\forall w\in W$ }
$W^{[perp]}$ $\{\langle x, x\}=0\}\cap\{x_{n+2}>0\}$
$S_{\varpi}^{n}$
$\{x_{n+2}=1\}$ 1 1 $S_{\infty}^{n}$
$S_{1}^{n}=\{(x_{1}, \cdots\}x_{n}+1)$ : $x_{1^{2}}+\cdots+x_{n+1^{\mathit{2}}}-1=0$ }




$\mathrm{S}(n, n-1)$ $S^{n}$ $n-1$
$\mathbb{R}^{n+1,1}$ $\Sigma$ $S^{n}\subset A$ $\mathbb{R}^{n+1,1}$ $\Pi\Sigma$
$\Pi\Sigma$ $\langle$ , $)$ $l\Sigma$ $\Lambda$
2 1 $\sigma=\varphi(\Sigma)$
$\varphi$ : $\mathrm{S}(n, n-1)\underline{\underline{\simeq}}\Lambda$
$O(n+1,1)$ i.e. $\varphi(A\Sigma)=A\varphi(\Sigma)(A\in O(n+1,1))_{0}$
$\Pi r\sim$
$n=3$ 4 $=(x_{i1}, \cdots, x_{i5})(\mathrm{i}=1,2,3,4)$
2 $\Sigma(x_{1}, x_{2}, x_{3}, x_{4})$ Lorentz
$x_{1}\Lambda_{L}\cdots\Lambda_{L}x_{4}$
$(|\begin{array}{lll}X_{12} \cdots x_{15}\prime. \ddots \vdots x_{42} \cdots x_{45}\end{array}|,$ $-|\begin{array}{llll}x_{\mathrm{l}\mathrm{l}} x_{13} x_{\mathrm{l}4} x_{15}\vdots \vdots x_{41} x_{43} x_{44} x_{45}\end{array}|,$
$|\begin{array}{llll}x_{11} x_{12} x_{14} x_{15}\vdots \vdots x_{41} x_{42} x_{44} x_{45}\end{array}|,$
$-|\begin{array}{llll}x_{\mathrm{l}1} x_{\mathrm{l}\mathit{2}} x_{\mathrm{l}3} x_{\mathrm{l}5}\vdots \vdots x_{41} x_{42} x_{43} x_{4\mathrm{S}}\end{array}|$ ,
$-|\begin{array}{lll}x \cdots x\grave \ddots \vdots x \cdots x\end{array}|)$
( 5 ) $\text{ }\{x_{1}\Lambda\iota\cdot’\cdot\Lambda Loe4,$ $xj\rangle=0(j=1,2,3,4)$
$\varphi(\Sigma(x_{1}, x_{2},xs, x_{4}))\in$ :
$\varphi(\Sigma(x_{1}, x_{\mathit{2}}, x_{3}, oe_{4}))=$ (6)
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7 $\mathrm{S}(n, q)$ $(0\underline{<}$
$q<n-1)$
$\mathrm{S}(n, q)$ $S^{n}$ $q$
$S^{n}\cong S_{\infty}^{n}\subset \mathbb{R}^{n+1,1}$ qq $\Sigma$
$\mathbb{R}^{n+1,1}$ (q+2)q $\Pi$ $S_{\infty}^{n}$






. . . $x_{1i_{q+2}}$




$x_{1}\Lambda\cdots\Lambda x_{q+\mathit{2}}=(\cdots,p_{\_{1}}.\ldots i_{q+2}, \cdots)\in \mathbb{R}^{N}\text{ }$ $N=$
$(\begin{array}{l}n+\mathit{2}q+2\end{array})\text{ }$ Pi $\mathrm{x}\cdots i_{q+}$ Pl\"ucker
$\sum_{k=1}^{q+3}(-1)^{k}pi_{1}\cdots i_{q+1}j_{k}p_{j_{1}}$” =..j9+3 $=0$ (7)






$u \}_{N_{1},N_{2}}=\sum_{1\leq i_{1}<\cdots<i_{\mathrm{q}+1}\leq n+1}(u_{i_{1}\cdots i_{q+1}n+2})^{2}-\sum_{1\leq i_{1}<\cdots<i_{q+2}\leq n+1}(u_{i_{1}\cdots i_{q+2}})^{2}$
$\mathbb{R}^{N}$ $\mathbb{R}^{N_{1},N_{2}}$ $O(N_{1}, N_{2})$
$\Lambda_{N_{1},N_{2}}=\{v\in \mathbb{R}^{N_{1},N_{2}}|\langle v, v\rangle_{N_{1},N_{2}}=1\}$ ,
$\Theta(n, q)=\Lambda_{N_{1},N_{\sim}},$ \cap {Pl\"ucker (7)}
7.1 $([\mathrm{L}\mathrm{O}2])$ (1) $S^{n}$ qq $\mathrm{S}(n, q)$ $\Theta(n, q)$
$x_{1},$ $\cdots,$ $x_{q+2}$ qq $\Sigma(x_{1}, \cdots, oe_{q+2})$
$\psi$ : $\mathrm{S}(n, q)arrow\Theta(n, q)$
$\psi(\Sigma(x_{1}, \cdots, x_{q+2}))=\frac{x_{1}\Lambda\cdots\Lambda x_{q+2}}{\sqrt{\{x_{1}\Lambda\cdots \mathrm{A}x_{q+2},x_{1}\mathrm{A}\cdots\wedge oe_{q+2}\rangle_{N_{1},N_{2}}}}$
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(2) $A=(a_{ij})\in O(n+1,1)$ multi-index $I=(\mathrm{i}_{1}\cdots \mathrm{i}_{q+\mathit{2}}),$ $J=$
$(j_{1}\cdots j_{q+2})$
$a_{IJ}=|\begin{array}{llll}a_{i_{1}j_{1}} a_{i_{1}j_{\mathrm{q}+2}}\vdots . \vdots a_{i_{\mathrm{q}+2}j_{1}} \cdots \cdots a_{i_{\mathrm{q}+2}j_{q+}\mathrm{z}}\end{array}|$
$A_{*}=(a_{IJ})\in M_{N}(\mathbb{R})$ $A_{*}\in O(N_{1}, N_{2})$ $(Ax_{1})\Lambda\cdots$ A
$(Ax_{q+2})=A_{*}(x_{1}\mathrm{A}\cdots \mathrm{A}x_{q+\mathit{2}})_{\text{ }}$ $\psi(A\Sigma)=A_{*}\psi(\Sigma)$
(3) $\Theta(n, q)$ $(q+2)(n-q)$ $\mathbb{R}^{N_{1},N_{2}}$ $\langle\cdot, \cdot\rangle_{N_{1},N_{\wedge}}$,
$\mathrm{O}$. $(n, q)$ $((q+1)(n-q), n-q)$
SO$(n+1,1)/SO(n-q)\mathrm{x}$ SO(q+l, 1)
\S 9 $\mathrm{S}(n, q)\underline{\simeq}\Theta(n, q)$ “
” ( 9.1 15)
7.2 $S^{3}$ 2 $\mathrm{S}(3,0)$
$\Theta(3,0)\subset \mathbb{R}^{4,6}$ $\dim\Theta(3,0)=6$ $\langle\cdot, \cdot\rangle_{4,6}|_{\Theta\{3,0)}$
$(3, 3)$
8 -
8.1 $([\mathrm{L}\mathrm{O}2])x\in\gamma_{1},$ $y\in\gamma_{2}$ ($\gamma_{1}=\gamma_{2}=K$ $x\neq y$ ) 2
$(x, y)$ $S^{0}\subset S^{3}$ $\mathrm{S}(3,0)\cong\Theta(3,0)\subset \mathbb{R}^{4,6}$
$v(x, y)$ $\Theta(3,0)$ $\gamma_{1}\mathrm{x}\gamma_{2}=$ {$v(x$ , y)}x67 ,y\in 7 ‘‘
”
$=2\sqrt{-1}\Re\epsilon\Omega_{CR}$ .
\S 9 $\mathrm{S}(n,q)\underline{\simeq}\Theta(n, q)$ “ ” (
9.1 15)




8.3 ([LO2]) $l(x, y)$ $x\in\gamma_{1}$ $y\in\gamma_{2}$ $\mathbb{H}^{4}$
$\Pi_{0}$ $l(x_{0}, y\mathrm{o})$ 3- $(x, y)$
$(x_{\mathrm{O}},y\mathrm{o})$ $N_{0}$ $l(x,y)$ $\Pi_{0}$ $S(x,y)$
$S=$ { $S$ ($x$ , y)}(z eyo $\Pi_{0}$ $S$ $S(x_{0},y\mathrm{o})$
$4\Im \mathrm{r}\mathfrak{n}\Omega_{CR}$ ($\Pi 0$ )
9 Pencils of codimension 1 spheres
$\mathrm{S}(2,1)$
$S^{2}$ $A,$ $E$ (
6( ) $)$ $A,$ $E$ (
6( ) $)$ limit points $A,$ $E$ . (
$\mathbb{R}^{2}$ $7_{\text{ }}$ )
6: 7:
$S^{n}$ 1 $\mathrm{S}(n, n-1)$ de Sitter $\Lambda\subset \mathbb{R}^{\mathrm{n}+1,1}$
$\mathcal{P}$ de Sitter $\mathbb{R}^{n+1,1}$ 2
$P$ ( ) $P$
3
Case 1. $P$ $\mathrm{s}\mathrm{p}\mathrm{a}\mathrm{c}\mathrm{e}-1\mathrm{i}\mathrm{k}\mathrm{e}_{\mathrm{O}}$
$\mathcal{P}$ $\sigma_{1}=\varphi(E_{1})$ $\sigma_{2}=\varphi(\Sigma_{\mathit{2}})$ $\rho$ $\Sigma_{1}$ $\Sigma_{2}$
$\theta$
$($ 8, $9)_{\text{ }}\cos p=\langle\sigma_{1}, \sigma_{2}\rangle$
$\sigma\in \mathcal{P}$ $\Sigma=\varphi^{-\mathrm{x}}(\sigma)$ base sphere (or circle, points) $F=P^{l}\cap S_{\infty}^{n}$
$\mathbb{H}^{n+1}(\partial W^{+1}=S^{n})$ $\Delta_{i}$ $\partial\Delta_{\dot{*}}=$ $+1$
nn $\prime \mathrm{r}\subset\Delta_{i}$ $\partial’\mathrm{r}=\Gamma$ $\mathrm{f}\mathrm{f}\mathrm{l}\mathrm{I}^{n+1}$ (n–1)R
$\mathcal{P}$ $\Delta$ $\partial \mathbb{H}^{n+1}=S^{n}$
Case 3. $P$ of mixed $\mathrm{t}\mathrm{y}\mathrm{p}\mathrm{e}_{\mathrm{O}}$
2 $P\cap V$ $l_{1}\cup l_{2}$ $l_{i^{[perp]}}=l_{i\circ}$ {q } $=(l_{1}\cup l_{2})\cap S_{\infty}^{n}$ $\mathcal{P}$
limit points $($ $10)_{\text{ }}$
$\gamma$ $q_{\infty}$ $q$- +1 $w_{i}=\gamma\cap\Delta_{i}$ ( 12)






time-like) $\rho$ 1 $w_{1}$ $w_{2}$ $\cosh\rho=\langle\sigma_{1},$ $\sigma_{2}\}$





$S^{1}$ ( ) 2 $\mathrm{S}(1,0)$ $\mathbb{R}^{2,1}$ de Sitter
2 $(1, 1)_{0}\Lambda\ni x$ 14 2
$x$ (




( 14 ) $W$ $\gamma$
$S^{1}=$ time-like




$\mathrm{S}(3,0)$ ( 15) space-like, $\mathrm{t}\mathrm{i}\mathrm{m}\mathrm{e}-1\mathrm{i}\mathrm{k}\mathrm{e}_{\mathrm{o}}$ (
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